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We measure characteristics of plasma bubbles in GeV-class laser-plasma accelerators (LPAs) using Faraday
rotation diagnostics. We extend these techniques, previously demonstrated for LPAs in atmospheric density
plasmas (electron density ne > 10
19 cm−3), to LPAs in low-density plasmas (ne ≈ 5× 1017 cm−3), in which
plasma bubbles are ∼ 5 times larger, and correspondingly easier to visualize in detail. The signals show
≈ 0.5◦ rotation streaks of opposite sign separated by ∼ 50 µm, consistent with bubble diameter; no on-axis
rotation; streaks length consistent with transverse probe pulse duration (180 µm for 500 fs pulse length, and
600 µm for 2 ps pulse length). We utilized an anamorphic imaging system to obtain a wide longitudinal field
of view (> 1 cm) and a high transverse resolution (< 9 µm). We also demonstrated that Faraday rotation
signals are sensitive to the stages of acceleration processes using extended 2D Finite Difference Time Domain
(FDTD) simulation.
I. INTRODUCTION
Since laser-plasma accelerators (LPAs) were first pro-
posed in 19791, LPAs have become a tabletop source
of quasi-monoenergetic GeV electron bunches2 and ul-
trafast X-ray pulses3, for use in applications in biol-
ogy, medicine, and materials science. The key to the
compact size of LPAs is the unprecedented accelerating
field ( GeV/cm), contained in a light-speed, microscopic
(∼ 10−5 m) plasma structure, in comparison to the con-
ventional metal cavity (∼ 1 m) radio-frequency accelera-
tors. In particular, the highest-performing LPAs operate
in a strongly nonlinear ”bubble” or ”blow-out” regime4,
where the driving laser pulse is intense enough to blow
out electrons to form a plasma bubble.
Measuring the characteristics (e.g. size, shape, and
bubble wall thickness) of plasma bubbles is essential to
understanding the acceleration process of LPAs. The
bubble structures5,6,4,7 ,8 and the self-injection thresh-
old have been studied analytically7,9, numerically10, and
experimentally11,12. In addition, Kalmykov et al.13 has
suggested that the expansion rate of the plasma bub-
ble has to exceed certain values to induce self-injection.
Simulation14 has also suggested that in GeV-class LPAs,
the plasma bubbles can experience two stages in the ac-
celeration process. In the first stage, when the driving
pulse enters the plasma, the intensity of the pulse oscil-
lates until the spot size matches the self-guiding condi-
tions. During the intensity oscillations, the bubble ex-
pands when the driving pulse intensity decreases (due
to defocusing), which leads to periodic self-injection13.
In the second stage, the bubble structures stabilizes
and the driving pulse starts to experience temporal
compression15 and etching effects16. The self-injection
stops when the bubble stops expanding. The bubble
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structures and bubble dynamics of GeV-class LPAs, how-
ever, have not been experimentally characterized due to
low plasma density (∼ 5 × 1017 cm−3) and long laser
plasma interaction length (∼ 10 cm).
Several previous experiments have visualized plasma
bubble structures and dynamics in high density (ne ≤
1019 cm−3) plasmas. Dong et al.17 showed that the bub-
ble reshaped co-propagating chirped probe pulses into
optical bullets, which in a single shot revealed bubble
formation even below the threshold for relativistic elec-
tron production. However, Dong et al. did not observe
dynamics or the internal structure of plasma bubbles. Li
et al.18 observed dynamics of bubble formation, propaga-
tion and lengthening in a single shot by analyzing phase
streaks imprinted on a chirped pulse propagating at a
small angle to the bubble. Nevertheless, the thin bubble
wall was not resolvable due to the limited probe band-
width. Sa´vert et al.19 obtained shadowgraphic snapshots
of bubbles using a transverse probe with pulse length
≤ 10 fs, and observed changes in bubble structure over
multiple shots. As for GeV-class LPAs operating in low
density plasmas (ne = 5 × 1017 cm−3), Li et al. have
used Muti-object-plane technique to reveal the plasma
bubble evolution in ∼ 3 cm in single-shot20. However,
the complex phase shift induced by the plasma channel
around the bubble made extracting the signal extremely
challenging.
In addition, several investigators imaged Faraday ro-
tation of a transverse probe pulse to measure the mag-
netic field inside21 and outside22 of the plasma bubbles,
and to estimate the length of the accelerated electron
bunch23. In all of these previous studies, however, the
plasma density ne exceeded 10
19 cm−3, limiting bubble
size to λp ≤ 10 µ m and maximum accelerated electron
energy to ∼ 100 MeV due to dephasing and pump deple-
tion limits. Moreover, the field of view of bubble propa-
gation was limited to ∼ 3 mm.
In our experiments, we extended Faraday rotation di-
agnostics for the first time to plasma density in the range
2 < ne < 5 × 1017 cm−3 — more than 20 times lower
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2than in previous work — for which bubble size is of or-
der λp ∼ 50 µm, and electron acceleration to multiple
GeV is possible14. The rotation angle can be estimated
by using
φrot =
e3
2c0m2eω
2
∫
`
neBϕ · ds, (1)
where ω is the frequency of the probe beam, ` is the tra-
jectory of the object, ne is the plasma density, Bϕ is the
azimuthal magnetic field , and ds is the path element
along the path of the probe beam. Since ne is almost
zero inside the plasma bubble, φrot induced preferen-
tially around the dense plasma bubble walls, on which
the azimuthal magnetic induced by the accelerated elec-
trons in relativistic regime scales as Bϕ ∝ Ntot · γ/R2b ∝
Ntot · Eelectron · ne , where Ntot is the total number of
the accelerated electrons, γ is the Lorentz factor of the
accelerated electrons, Eelectron is the energy of the ac-
celerated electrons, and Rb ∝ λp ∝ n−1/2e is the bubble
radius. Therefore, form the expression of the rotation
angle, we have φrot ∝ Ntot ·Eelectron · n3/2e . Although ne
in our experiment was ∼ 50 times lower than that in the
previous experiments, Ntot and Eelectron were around 10
and 40 times greater in our case. Eventually, the mag-
nitude of the Faraday rotation angle in our experiment
was around the same order of magnitude of the previous
works.
Furthermore, we demonstrated that Faraday rotation
signals are sensitive to transitions in the acceleration
stages. Simulation7 and analytical models8 have previ-
ously suggested that the distribution of the dense plasma
sheath around the bubble varies during the acceleration
process. In the first stage of the acceleration where the
driving pulse is self-focusing and the plasma bubble is
expanding, the sheath electrons around the bubble ex-
perience long slippage time24, gain the most energy, and
therefore, are more likely to accumulate (to be trapped)
on the back of the bubble25. Hence the plasma den-
sity on the back of the bubble is high in the first stage,
and the return current of the plasma sheath can also in-
duce strong azimuthal magnetic field on the back of the
bubble25. In the second stage of the acceleration where
the bubble stabilizes, the sheath electrons become less
energetic and the population of the electrons on the back
of the bubble is lower.
In this paper, we will show that Faraday rotation sig-
nals have different characteristics in different stages of
the acceleration process using extended 2D (2D+1) Fi-
nite Difference Time Domain (FDTD) simulations. In
the first stage, since the plasma density and magnetic
field are both high on the back of the bubble, the Fara-
day rotation signal has large vertical width. In the second
stage, the plasma density of the back of the bubble de-
creases, but the density on the thin side sheath remains
high. Thus, the Faraday rotation signal has narrower
vertical width and peaks at Rb (bubble radius)
16 above
the center line. Our experimental data indicate that the
transition from first stage to second stage occurs at 61%
of full laser-plasma interaction length.
In section II of this paper, we will present the exper-
imental setup. In section III, we show the experimental
results. In section IV, we demonstrate the relation be-
tween the Faraday rotation signals and the plasma bubble
structures using FDTD simulations.
II. EXPERIMENTAL PROCEDURE
Fig. 1 shows the schematic of the setup for measuring
plasma bubble structures using Faraday rotation diag-
nostics at the Texas Petawatt Laser at the University of
Texas at Austin.
A pump pulse with peak power 0.67 PW (100 J, 150
fs FWHM) at center wavelength 1.057 µm was focused
at f/45 into a 1.5 mm radius entrance aperture of a 7
cm long gas cell filled with 5 Torr helium (He) with
purity of 99.99%. The intense pump beam ionized the
gas to generate plasmas (ne0 ∼ 2 × 1017 cm−3), self-
focused, generated nonlinear plasma waves (plasma bub-
bles), and accelerated electrons to high energy. A syn-
chronized probe pulse, split from the pump beam, prop-
agated transversely through the side windows of the gas
cell and overlapped with the plasma bubbles. The probe
beam was linearly polarized with polarization parallel to
that of the pump beam on target. The diameter of the
probe beam was 2 cm, and the center of the probe beam
was 3.8 cm away from the entrance aperture of the gas
cell. In the first attempt, we chipped the pulse length of
the probe pulse to 2 ps, and in the second attempt, the
pulse length of the probe pulse was compressed to 500 fs.
One challenge of applying Faraday rotation diagnos-
tics to GeV LPAs was acquiring a wide horizontal field
of view while maintaining a reasonable vertical resolu-
tion. According to PIC simulations, the plasma bubbles
can propagate multiple centimeters, and the transverse
diameter of the bubbles, which is critical to Faraday ro-
tation signals, ranges from 40 µm to 60 µm. We used
an anamorphic imaging system to demagnify the hori-
zontal dimension to obtain wide field of view, but at the
same time, magnify the vertical dimension to achieve a
reasonable resolution.
The anamorphic imaging system consisted of three
lenses (see Fig. 1(d)). Lens 1 was an objective lens with
15 cm focal length and 2” aperture to collect the light.
Lens 2 was an 1” achromatic cylindrical lens with 25 cm
focal length, and Lens 3 was an achromatic cylindrical
lens with 5 cm focal length. The horizontal field of view
of the imaging system was ∼ 1.1 cm with ∼ 50 µm reso-
lution, and the vertical field of view was ∼ 2.5 mm with
∼ 8.8 µm resolution (see Fig. 2). The vertical resolution
was determined by averaging the distances between the
horizontal lines of the elements on the image of a USAF
target, and 8.77 µm (group 5 element 6) was the smallest
distance that could be resolved on the image. The depth
of field was up to 300 µm (Fig. 2 (c)).
3anamorphic
Imaging 
system
2 cm
3.8 cm 3.2 cm
probepump
polarizer 1
CCD camera 1
θ1
e-
CCD camera 2
polarizer 2
θ2
pump
probe
gas cell
100 J, 
150 fs
magnet
(a)
2004006008001000120014001600
200
400
600
800
1000
1200
1400
1600
10 mrad
0.60.8 0.4 GeV
unpolarized 
beamsplitter
(c)(b)
mm
µ m
 
 
−3 −2 −1 0 1 2 3
−600
−400
−200
0
200
400
600
−0.4
−0.3
−0.2
−0.1
0
0.1
0.2
0.3
0.4
mm
µ m
 
 
−3 −2 −1 0 1 2 3
−600
−400
−200
0
2
6
−0.1
−0.08
−0.06
−0.04
−0.02
0
0.02
0.04
0.06
0.08
0.1
-1 1
z (mm)
0
200 μm
(e)
(f)
lens 3
lens 2
lens 1
anamorphic 
imageobject
(d)
entrance
aperture
FIG. 1. The schematic of the GeV LPA and the Faraday
rotation diagnostics along with the signals from one particu-
lar shot. (a) The layout of the setup. (b) The side view of
the gas cell. (c) The electron spectrum. (d) The layout of
the anamorphic imaging system. Lens 1 is a spherical achro-
matic doublet with f1 = 15 cm. Lens 2 are both cylindrical
achromatic doublets with f2 = 25 cm and f3 = 5 cm. (e) and
(f) The Faraday rotation angles of two consecutive shots with
pump-probe delay changed ∼ 1.2 ps.
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FIG. 2. The images of a USAF resolution target through the
anamorphic imaging system. (a): The full image. (b): zoom
in of in-focused image. (c): zoom in of the image that is 300
µm away from the in-focused image plane. (d) The averaged
vertical lineout of group 4 element 2. Black solid line is the
object. The blue dash line is the lineout when the image is
in focus, and the red dash line is the lineout when the image
is 300 µm out of focus. The vertical axis is the normalized
transmission in percentage.
To acquire a high signal-to-noise ratio in the rotation
angle measurement, we split the probe beam with an un-
polarized beamsplitter after the imaging system and sent
the split beams to two cameras with polarizers in front
of them as has been done by other researchers21 ,23. The
two polarizers in front of the cameras were rotated away
from extinction in opposite directions with a small angle
approximately equal to the expected rotation angle val-
ues (θi = ±2◦, i = 1, 2). Since the two polarizers rotated
with biased angles, the regions where the Faraday rota-
tion occurred and the polarization was rotated clockwise
was brighter on one camera and dimmer on the other.
The same was true of the counterclockwise rotation. The
measured intensity lpol,i(y, z) can be described by Malus’
law as
lpol,i(y, z) = l0(y, z) · Ti · (1− βi · cos2(φrot(y, z)− θi))
where l0(y, z) is the intensity of the original probe
beam, Ti is the transmission/reflection ratio of the beam
splitter. βi(i = 1, 2) is the extinction ratio of the polariz-
ers, where (1−β1) = 6.1×10−3 and (1−β2) = 3.1×10−3.
The rotation angle can be extracted by dividing the in-
tensity of the two images lpol,1/lpol,2. We matched the
images of the two cameras according to the calibrated
reference point.
III. EXPERIMENTAL RESULTS
The Faraday rotation signals from the experiment are
shown in Fig. 3 and Fig. 4, where the pump beam and
the accelerated electrons propagate from left to right.
Note that the vertical and horizontal axes in the plots
are not to scale because the probe beam was imaged
through an anamorphic imaging system. The Faraday
rotation signals were observed only in conjunction with
accelerated electrons. Since the low plasma density re-
sults in the absence of plasma shadowing on the images,
we were unable to precisely locate the relative position of
the pump beam and the rotation angle signal. Therefore,
we did several preliminary shots until we saw a definite
Faraday rotation signal (Fig. 1(e)), and then we delayed
the probe beam ∼ 1.2 ps (∼ 0.4 mm) in subsequent shots,
and the signal shifted correspondingly (Fig. 1(f)). This
iterative process for shifting the probe beam showed that
the rotation angle signals were indeed sensitive to the
overlapping of the pump and the probe beams.
The region where the Faraday effect is the strongest
is symmetric around the laser axis (Fig. 3(c)). Since
the Faraday effect is induced by the coupling of the mag-
netic field and plasma density, the magnitude of the ro-
tation angle should be at its maximum around the re-
gion of the dense plasma around the bubble walls. Hence
the distance between the peaks and valleys indicates the
transverse size of the plasma bubble. The vertical line-
out of the rotation angle signal agrees reasonably with
the FDTD simulation (Fig. 3(d)), which shows that the
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FIG. 3. The Faraday rotation signals with long probe pulse
(2 ps). The z location of the signal is 4.08 cm away from the
entrance aperture. (a) and (b) Raw images of camera 1 and
2. (c) The Faraday rotation signal converted from the raw
images. (d) Blue line is the vertical lineout of the Faraday
rotation signal averaged from z = −230 µm to 250 µm, and
red dash line is the result of the FDTD simulation. (see Fig.
8) The FWHM of the peak is 35 µm. (e) The horizontal
lineout of the Faraday rotation signal averaged from y = −40
µm to 0 µm. (f) The energy spectrum of the electron on the
same shot. The total charge above 300 MeV is 36.6 pC.
Faraday rotation happened dominantly around the bub-
ble walls. The average transverse distance between the
peaks and the valleys of the rotation angle is ' 50.8±10.1
µm, which matches the diameter of the plasma bubble
(Rp =
√
a0/kp ' 28.2 µm, where Rp is the radius of
the plasma bubble, a0 ' 3.5 is the normalized vector
potential2, and kp = 0.13 µm
−1).
The Faraday rotation signal indicated that the plasma
bubble was fully blown out, and the horizontal length of
the signal reflects the pulse length of the probe pulse.
In Fig. 3(e) where the pulse length of the probe was 2
ps, the FWHM of the signal was 570 µm, and in Fig. 4
(e) where the pulse length of the probe was 500 fs, the
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FIG. 4. The Faraday rotation signals with short probe pulse
(500 fs). The z location of the signal is 4.263 cm away from the
entrance aperture. (a) and (b) Raw images of camera 1 and
2. (c) The Faraday rotation signal converted from the raw
images. (d) Blue line is the vertical lineout of the Faraday
rotation signal averaged from z = −120 to 150 µm. The
FWHM of the valley is 25.1 µm. (e) The horizontal lineout
of the Faraday rotation signal averaged from y = −70 µm to
−20 µm.
FWHM of the signal was 180 µm. Moreover, the vertical
width of the Faraday rotation signal becomes narrower
further downstream (See Fig. 4(d)). The changing of
the thickness of the signal can be explained as the tran-
sition from the first stage of the acceleration, where the
plasma bubble is expanding, to the second stage of the
acceleration, where the plasma bubble becomes stable.
The detail of the transition will be discussed in the next
section.
Fig. 5(d) shows the electron spectrum for a shot in
which accelerated electrons emerged in two bunches sep-
arated by ∼ 5 mrad in a direction perpendicular to the
spectrometer’s energy dispersion plane. We observe such
bifurcation occasionally when the drive laser focuses to
a double-peaked intensity envelope, causing it to split
into two filaments that drive parallel self-injected bub-
bles. The corresponding Faraday rotation signal (Fig.
5(b) shows broader structure in the bifurcation direction
(y) than single-bubble shots (Fig. 3), indicative of the
”doublebubble” structure of the interaction region.
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FIG. 5. (a) The spectrum that shows two electron bunches.
(b) The Faraday rotation signal of the same shot. (c) The
vertical lineout of the Faraday rotation signal averaged from
z = −400 to 400 µm. The red dash line is the result of
FDTD simulation (see Fig. 9). (d) The horizontal lineout
of the Faraday rotation signal averaged from y = −80 µm
to −30 µm. (d) The energy spectrum of the electron on the
same shot. The total charge above 300 MeV is 132.3 pC.
IV. FDTD SIMULATIONS AND DISCUSSION
In order to reveal the connection between the plasma
bubble structures and the Faraday rotation signals,
we performed a series of finite difference time domain
(FDTD) simulations. In the FDTD simulations, we sent
a plane wave through static dielectric structures of the
plasma bubble. The parameters of the dielectric struc-
tures were taken from a cylindrically symmetric PIC
wakefield simulation2,14. The PIC simulation was per-
formed by using WAKE, a fully relativistic PIC code in
axisymmetric geometry. (see Fig. 6)
Ideally, to obtain the Faraday rotation accurately, one
needs to solve the eigenmodes and the dispersion rela-
tions of each grid and calculate the overall rotation (we
call it φ1) of the polarization of the probe beam after
propagating through the magnetized plasma. However,
solving eigenmodes and dispersion relation for each grid
is time-consuming and not practical in simulations.
To simplify the problem, we considered only the Bϕ · kˆ
component of the magnetic field, where kˆ denotes the
normalized wave vector of the probe beam (in our case,
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FIG. 6. Simulation data from a cylindrically symmetric
PIC code, WAKE. (a) and (b) plasma density (upper half)
(n0 = 4.8 × 1017 cm−3) and test particle distribution (lower
half). The red dash lines are the contour lines of the driving
pulse intensity. (c) and (d) Bϕ ·ne (upper half) and Bϕ (lower
half) of the bubble. (a) and (c) Immediately after the self-
injection happens. (b) and (d) 6 cm downstream after self-
injection.
kˆ = xˆ), so the dielectric constant can be simplified as
˜±r = 1−
ω˜2p
ω˜(ω˜ ± Ω˜B)
, (2)
where Ω˜B = e · B˜ϕcos(θ)/me is the cyclotron frequency,
θ is the angle between B˜ϕ and kˆ, ω˜p =
√
n˜ee2
0me
is the
plasma frequency, ω˜ is the frequency of the probe beam,
and ± represents the right-handed and left-handed circu-
larly polarized eigenmodes. The symbol ∼ denotes that
the quantities are in the plasma rest frame. The rotation
angle can now be written as
dφ˜2 =
ω˜
c
(
√
1− ω˜
2
p
ω˜(ω˜ − Ω˜B)
−
√
1− ω˜
2
p
ω˜(ω˜ + Ω˜B)
)dx (3)
Here, dx represents an infinitesimal step of the probe
beam.
Furthermore, when Ω˜B  ω˜, Eq. (3) can be simplified
as
dφ˜3 =
ω˜2p · Ω˜B
2ω˜2c
dx, (4)
which ultimately leads to the expression of Eq. (1). The
comparison of different methods of obtaining Faraday ro-
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tation angle (φ1, φ2, and φ3) is shown in Fig. 7. Al-
though φ2 is not exactly the analytical solution (φ1), it
is easier to calculate, and it slightly deviates from φ1
only when θ is close to 90◦ where the rotation is already
small. Therefore, in the following FDTD simulations, we
will use Eq. (2) to calculate the dielectric constant. Since
the data of the PIC simulation are in the lab frame, we
are going to simplify the problem and ignore the differ-
ence between the plasma rest frame and the lab frame,
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FIG. 8. (a) and (b) 2D FDTD Simulation of the Faraday
rotation induced by the plasma bubbles. The thickness of the
the bubble walls are 1.64 and 8.23 µm respectively. (c) and
(d) Lineouts of the simulated rotation angle signals imaged
by a near perfect imaging system (f/0.08). The object planes
are on the center of the plasma bubble (in-focus, blue lines)
and 30 µm downstream (out-of-focus, red lines).
and we will discuss the difference afterwards.
In the first step, we performed two 2D FDTD sim-
ulations. We took a slice of the plasma bubble at the
location of the accelerated electron bunch from the PIC
simulation (ξ = ξ0 = −17 µm in Fig. 6 (a) and (c) ) ,
calculated the dielectric distribution of the bubble slice,
namely, ±r (x, y, ξ = ξ0) = 1− ωp(x,y,ξ=ξ0)
2
ω(ω±ΩB(x,y,ξ=ξ0)) , and sent
a plane wave through the dielectric structure. The plane
wave propagated along x-axis and was linearly polarized
in y-axis. The wavelength of the plane wave was 1.054
µm, the same as the probe beam in the experiment.
In order to reveal the connection between the Faraday
rotation signal to the thickness of the bubble walls, we
varied the thickness of the plasma density of the bubble
wall while kept the total particle numbers conserved. The
FWHM of the bubble wall densities were 1.64 and 8.23
µm, and the peaks of the densities were 7.4 and 1.48 ×
1018 cm−3 respectively.
Fig. 8 shows the results of the 2D FDTD simulations.
The plane wave propagates from left to right, and the
polarization of the beam is along the y-axis. The color
scale shows the polarization rotation of the probe beam
(Fig. 8 (a) and (b)), and the lineout plots (Fig. 8 (c)
and (d)) show the rotation angle signals imaged at the
center of the bubble by a nearly perfect (f/0.08) imaging
system.
In Fig. 8(c) and (d), we chose two different object
planes, one at the center of the bubble (in-focus, blue
line) and the other one 30 µm downstream (out-of-focus,
red line). The out-of-focused rotation angle signal was
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FIG. 9. 2D FDTD Faraday rotation simulation induced by
two plasma bubbles. The parameters of the bubble walls is
the same as Fig. 8(a), and the distance between the centers
of the bubbles is 55 µm. (a) The Faraday rotation angle (b)
The rotation angle imaged at the center of the bubble by a
near perfect imaging system (f/0.08).
diffracted (Fig. 8 (d) red lines) when the thickness of
the bubble wall was close to the wavelength of the probe
beam.
In both cases, the distance between peak and valley of
the rotation angles matches the diameter of the plasma
bubble, which proves that Faraday rotation occurs prefer-
entially on the bubble walls. The theoretical estimation
of the maximum value of the rotation angle was ∼ 1◦,
which agrees with the simulation results.
In addition, we perform a 2D FDTD Faraday rotation
simulation with two bubbles, where the parameter of the
bubble wall was the same as the thin wall case in the
previous discussion (See Fig. 8(a)). The result is shown
in Fig. 9. The distance between the center of the two
bubbles is 55 µm. Note that the magnitude of the rota-
tion angle in the middle is smaller because the azimuthal
magnetic field around the two bubbles cancel each other,
which agrees with the experimental data (see Fig. 5(b)).
To interpret the experimental results further, we ex-
tended the 2D simulation and performed two 2D+1
FDTD simulations . This time, we calculated the dielec-
tric distribution of the bubble as ±r (x, y, ξ) =
∑
i
±r (x =
xi+ξ, y, ξ), and sent a plane wave along x = ξ axis, which
means that the plane wave overlapped with the bubble
with 45◦, as how the probe beam actually overlapped
with the bubble in the experiment. Here, {xi} are the
pixels on the x axis from the PIC simulation. Similar to
the 2D simulation, the probe beam was linearly polarized
in y-axis. The difference here is that, instead of using a
thin plane wave, we added a pulse length to the probe
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FIG. 10. Faraday rotation signals from 2D+1 FDTD simula-
tion. (a) The rotation angle of the probe beam after propagat-
ing through the bubble in the first stage of the acceleration.
(b) The rotation angle of the probe beam after propagating
through the bubble in the second stage of the acceleration.
(c) The rotation angle of the first stage after considering the
relativistic effect. (d) The rotation angle of the second stage
after considering the relativistic effect.
beam where τL = 100 fs.
We took two different bubble parameters from the PIC
simulation. The first bubble parameter was immediately
after the self-injection happened where the bubble was
expanding (Fig. 6 (a)). This was in the first stage of the
acceleration process. The other bubble structure was 6
cm downstream after self-injection happened where the
bubble stabilized (Fig. 6(b)). This was the second stage
of the acceleration process.
In the first stage of the acceleration when the bubble is
expanding, large amounts of electrons, both passing elec-
trons and injection candidates, aggregate on the back of
the bubble (ne ∼ 1× 1019 cm−3) . Moreover, about 98%
of the electrons have forward momentum Pz/(mec) > 10
because they experience long slippage time around the
bubble24. Therefore, the electrons on the back of the
bubble induce a strong azimuthal magnetic field (> 500
T) (Fig. 6(c), bottom half). As a result, the injected
electrons contribute little to Bϕ · ne (Fig. 6(c), top half)
even though the magnetic field induced by them is > 300
T on the bubble wall. In the second stage of the acceler-
ation, however, the electron aggregation on the back of
the bubble reduces, and the azimuthal magnetic field is
less intense on the back of the bubble (Fig. 6 (d), bottom
half). Subsequently, the contribution of the accelerated
electron bunch to Bϕ · ne is more significant (see Fig.
6(d), top half).
Fig. 10 shows the simulated Faraday rotation signals
of the probe beam after propagating through the bub-
ble. In the first stage of the acceleration (Fig. 10(a)),
the vertical width of the signal is thick (FWHM ∼ 18
µm), and the peak of the signal is close to the laser axis
8due to the dense and thick plasma wall and strong mag-
netic field on the back of the bubble (see Fig. 6(c)). In
the second stage, the vertical width of the peak becomes
∼ 4 µm. The maximum of the rotation angle locates
at ∼ 17.4 µm above the center (Fig. 10 (b)), while the
intense region of Bϕ ·ne induced by the accelerated elec-
tron bunch is 16.58 µm above center (Fig. 6(d), upper
half), which shows that the contribution of the electron
bunch is more relevant in the second stage. Therefore, in
the second stage, due of the reduction of Bϕ · ne on the
back of the bubble, the location of the maximum of the
rotation angle can better represent the size of the bubble.
However, the experimental results didn’t show any sig-
nificant peak close to the laser axis, while the simulation
(Fig. 10 (a) and (b)) show strong signal near the center.
The discrepancy of the experiment and simulation can
be explained by considering the relativistic plasma flow
of the bubble.
So far in the FDTD simulations, we assumed that the
plasma bubble was static, and we used the data from the
PIC simulation, which were in the lab frame, to calculate
the dielectric constant r. However, in reality, part of the
plasma bubble (especially the back of the bubble) flew
relativistically along with the driving beam. Therefore,
we need to include the relativistic effect to calculate the
dielectric constant in the plasma rest frame.
To calculate the dielectric constant in Eq. (2), we need
to convert three quantities from the lab frame to the rest
frame of plasma26. The first one is the plasma density,
n˜e = ne/γ. The second one is frequency of the probe
beam, ω˜ = γ(1−β·kˆ)ω, and the third one is the magnetic
field, B˜ϕ = (1 + γ
2ββ) · Bϕ/γ. Here γ is the Lorentz
factor and β is the velocity of the plasma flow. After
considering the relativistic effect of the plasma flow, the
rotation angle φrot is proportional to 1/γ
4 as shown in
Fig. 7(c).
The result of FDTD simulation with the relativistic ef-
fect of the plasma flow is shown in Fig. 10(c) and (d). In
Fig. 10(c), the magnitude of the rotation angle decreases
drastically due to the relativistic effect. In particular,
the rotation angle close to the laser axis is suppressed
the most. Nevertheless, there is a residual peak at y ' 2
µm, and the vertical width of the rotation angle is still
wide. On the other hand, the data in Fig. 10(d) shows
almost no rotation in the region close to the laser axis,
while the amount of the rotation away from the laser
axis is nearly unchanged. The reason can be explained
as follows.
Suppose that the bubble propagates through the
plasma with velocity vb (see Fig. 11). Electrons in the
bubble wall flow around its periphery with velocity vf in
the bubble’s rest frame. In a non-relativistic calculation
for a ”stable” bubble (Fig. 10(b)), streaming electrons
at the side wall (position A on Fig. 11(a)) of the bub-
ble contribute the outer Faraday shift lobe (∼ 20 µm
from axis), whereas streaming electrons at position B of
Fig. 11(a) near the back of the bubble (5 to 10 µm from
axis) contribute the inner lobe, which is not observed in
main 
beam
A
e beam
B
vb
A
B
vbvf,A
vf,B
vb
vnet
(a) (b)
FIG. 11. Diagram of plasma bubble and the plasma flow.
(a) plasma bubble induced by a laser pulse. (b) qualitative
explanation of the plasma net flow at different positions of
the bubble wall in the lab frame.
the experiments. In the lab frame (where the measure-
ment is made), electrons at the side wall have velocity
vb − vf,A ∼ 0 (see Fig. 11(b)), whereas electrons at the
back of the bubble have velocity vnet ∼ 0.97c ( γ ∼ 4)
given by the vector sum of vb and vf,B . Consequently the
Faraday rotation from these electrons is suppressed by a
factor 1/γ4 ∼ 1/256. This explains the relative weakness
of the shift near the propagation axis.
By comparison, the Faraday rotation signal from the
first stage(Fig. 10(c)) is similar to the data shown in Fig.
3(c) in terms of the wide vertical width and the small zero
rotation region close to the laser axis. In the second stage
(Fig. 10(d)), the narrow vertical width of the rotation
angle signal and the bigger zero rotation region between
the peak-and-valley are better resembled in the data in
Fig. 4(c), which is 2 mm further downstream than Fig.
3(c). The difference between the two signals at different
locations indicates that the bubble has fully blown out
and started to proceed from the first stage to the second
stage of the acceleration process in this region.
To summarize, the FDTD simulation showed that the
Faraday rotation signals have different shapes and distri-
butions when the bubble structures changes, especially in
the two stages of acceleration. These simulation results
indicated that, in the experiment, the plasma bubbles ad-
vanced from the first stage to the second stage at ∼ 61%
of the full laser-plasma interaction region. Furthermore,
the relativistic effect of the plasma bubble flow can influ-
ence the magnitude and the shape of the rotation angle.
V. CONCLUSION
In conclusion, we were able to measure the transverse
diameter of plasma bubbles of GeV LPAs using Faraday
rotation diagnostics. The experimental results showed
that the bubble advanced from the first stage to the sec-
ond stage of the acceleration process at ∼ 61% of full
laser-plasma interaction region. The FDTD simulations
9suggested that the Faraday rotation signals are sensitive
to the plasma bubble structures.
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